We evaluate the predictive power of the neutrino mass matrices arising from seesaw mechanism subjected to texture zero and satisfying a cyclic permutation invariant. We found that only two from eight possible patterns neutrino mass matrices are invariant under a cyclic permutation. The two resulting neutrino mass matrices which are invariant under a cyclic permutation can be used qualitatively to explain the neutrino mixing phenomena for solar neutrino and to derive the mixing angle that agrees with the experimental data.
Introduction
For more than two decades the solar neutrino flux measured on Earth has been much less than predicted by solar model [1] . The solar neutrino deficit can be explained if the neutrino undergoes oscillation during its propagation to earth. Neutrino oscillation is the change of neutrinos flavor during neutrinos propagation from one place to another. The neutrino oscillation implies that the neutrinos have a non-zero mass or at least one of the three neutrino flavors as we have already known today has non-zero mass and some mixing does exist in neutrino sector. Recently, there is a convincing evidence that the neutrinos have a non-zero mass. This evidence was based on the experimental facts that both solar and atmospheric neutrinos undergoing a change from one kind of flavor to another one during the neutrinos propagation in vacuum or matter [2, 3, 4, 5, 6, 7] . These facts are in contrast to the Standard Model of Particle Physics, especially Electro-weak interaction which is based on SU (2)L ⊗ U (1)Y gauge, that is neutrinos are massless.
A global analysis of neutrino oscillations data gives the best fit value to solar neutrino mass-squared differences [8] :
with tan 2 θ21 = 0.39
and for the atmospheric neutrino mass-squared differences
with tan 2 θ32 = 1.0
where ∆m
with mi as the neutrino mass eigenstates basis νi (i = 1, 2, 3) and θij is the mixing angle between νi and νj. The mass eigenstates related to weak (flavor) eigenstates basis (νe, νµ, ντ ) is as follows
where V is the mixing matrix.
To accommodate a non-zero neutrino mass-squared differences and the neutrino mixing, several models for neutrino mass together with the neutrino mass generation have been proposed [9, 10, 11, 12, 13, 14, 15] . One of the interesting mechanism to generate neutrino mass is the seesaw mechanism, in which the right-handed neutrino νR has a large Majorana mass MN and the left-handed neutrino νL is given a mass through leakage of the order of (m/M ) with m the Dirac mass [13] . Seesaw mechanism explains not only the smallness of neutrino mass in the electro-weak energy scale but also could account for the large mixing angle in neutrino sector [16, 17] . This paper is organized as follows: In Section 2, we determine the possible patterns for the heavy neutrino mass matrices MN subjected to texture zero and then check its invariance under a cyclic permutation. The resulted MN matrices to be used to obtain the neutrino mass matrices M ′ ν arising from seesaw mechanism. In Section 3, we discuss the predictive power of the resulted neutrino mass matrices M ′ ν against the experimental results. Finally, in Section 4 we give a conclusion.
Texture Zero and Invariant Under a Cyclic Permutation
According to the seesaw mechanism [16] , the neutrino mass matrix Mν is given by
where MD and MN are the Dirac and Majorana mass matrices respectively. If we take MD to be diagonal, then the pattern of the neutrino mass matrix Mν depends only on the pattern of the MN matrix. From Eq. (5), one can see that the pattern of the M −1 N matrix will be preserved in Mν matrix when MD matrix is diagonal.
If MN matrix has one or more of its elements to be zero (texture zero), then this implies that M −1 N matrix has one or more 2×2 sub-matrices with zero determinants [18] . The texture zero of the mass matrix indicates the existence of additional symmetries beyond the Standard Model of Particle Physics. There are eight possible patterns for Mν matrices when MN matrix has a texture zero obtained from a seesaw mechanism [19] .
Koide [20] have used a vector-like fermions Fi in addition to the three families of fermions (leptons and quarks) fi in an SU (2)L ⊗ SU (2)R ⊗ U (1)Y gauge in order to build a unified mass matrix model for leptons and quarks. If these fermions and Higgs scalar to be fL = (2, 1),
it implies that the heavy fermions matrix MF has the form
where b f is an f -dependent complex parameter, X is a rank-one matrix, λ is a constant, 1 is the identity matrix, and m0 satisfy the relation: mL = mR/κ = m0Z, with κ is a constant, and Z is a universal matrix for fermions f . In another Koide's paper [21] , which is related to the neutrino mass matrix following the scheme of seesaw mechanism, he used the form of heavy fermions matrix in Eq. (7) with additional assumption. The additional assumption is that the form of the mass matrix is invariant under a cyclic permutation among the fermions f . The form of heavy fermions mass matrix in Eq. (7) can be modified into
where E and S(θ) matrices are given by [21] : 
To find out the heavy Majorana neutrino mass matrix MN , we only need to replace MF by MN . The heavy Majorana neutrinos masses in mass eigenstates basis are the eigenvalues of Eq. (8), and it can be written as
By taking the VT matrix as
where ω = e i2π/3 , the neutrino mass matrix in Eq. (6) could the be written as
where Koide obtained a neutrino mass matrix in flavor basis that can be used to explain the maximal mixing between νµ and ντ which is suggested by the atmospheric neutrino data [21] . Following Koide's idea accounted in Eq. (8), but taking the form of VT to be
such that the VT matrix represents the current experimental data, and assigning texture zero to MN matrix so that it relates to the underlying family symmetry beyond the Standard Model. By using the VT in Eq. (15) we obtained eight possible patterns of the neutrino mass matrices MN with texture zero as one could read in Ref. [19] . 
By checking the invariant form of the resulting neutrino mass matrices MN with texture zero under a cyclic permutation, we found that there is no MN with texture zero to be invariant under a cyclic permutation. With additional assumption, there is a possibility to put the MN matrices with texture zero to be invariant under a cyclic permutation, especially for the MN matrices with the patterns:
and
By imposing an additional assumption, that is a = b for both MN matrices in Eqs.(17) and (18), then we obtain two MN matrices to be invariant under a cyclic permutation. The two patterns of the MN matrices which is invariant under a cyclic permutation can be written as follows:
where mN = 1/a. By substituting Eqs. (19) and (20) into Eq. (13), we obtain the neutrino mass matrices in flavor basis (M ′ ν ) to be
respectively.
Discussions
Without imposing an additional assumption to the resulting Mν matrices arising from a seesaw mechanism with texture zero, we have no Mν matrix to be invariant in form under a cyclic permutation. By imposing an additional assumption: a = b, we have two Mν matrices to be invariant under a cyclic permutation. By inspecting Eq. (22), one can see that neutrino mass matrix M ′ ν arising from the seesaw mechanism subjected to texture zero and invariant in form under a cyclic permutation, could be used to explain the neutrino mixing for both solar and atmospheric neutrinos data. To extract the predictive power of the resulting neutrino mass matrix in Eq. (22) for the mixing angle θ21, for simplicity, if we pick up the approximation: (11), finally we obtain the angle between mass eigenstates ν1 and ν2 to be:
which corresponds to θ21 = 30 o . The value of the mixing angle between ν1 and ν2 (certainly between νe and νµ) is in a good agreement with experimental value as cited in Eq. (2) .
The MN matrices with texture zero in the scheme of seesaw mechanism give naturally the neutrino mixing without additional requirement that MN is invariant under a cyclic permutation as proposed by Koide. This fact can be read in Ref. [19] for the cases when one, two, and three of the elements of MN matrices to be zero leading to the tri-maximal mixing. If MN matrix has six of its element to be zero (all of the MN off-diagonal to be zero), then we obtain the same matrix pattern to MN matrix taken by Koide in his paper. Even though the pattern is similar to that of Koide, the resulting M ′ ν matrix is different to Koide's result. This differences due to the different form of VT between Koide's paper and ours.
Conclusion
The eight possible patterns of the MN matrices with texture zero in the seesaw mechanism scheme as can be read in Ref. [19] could account for the bi-and tri-maximal mixing in neutrino sector without additional requirement that these matrices are invariant in form under a cyclic permutation. When we impose the requirement to the MN matrices to be invariant in form under a cyclic permutation following Koide's idea, we found that there is no MN matrix to be invariant in form. But, by imposing an additional assumption, we obtain two of the MN matrices to be invariant in form under a cyclic permutation. One of the two MN matrices which is invariant in form under a cyclic permutation could produces the neutrino mixing mass matrix in flavor basis M ′ ν .
